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In the paper we investigate statistical and topological properties of self-avoiding fractional Brown-
ian trajectories. The attention is paid to the sub-diffusive fractal Brownian motion (fBm) producing
compact spacial conformations with the fractal dimension Df ≥ 2 in the three-dimensional space.
The statistical properties of self-avoiding polymers with the fractal dimension Df > 2 are analyzed
both numerically and via the Flory mean-field approach. Our study is motivated by an attempt to
mimic the conformational statistics of collapsed nonconcatenated polymer loops, which are known
to form on large scales the compact hierarchical crumpled globules (CG) with Df = 3. Due to
the nonlocal nature of topological interactions, the analytic and numeric treatment of CG is an
extremely difficult problem. Replacing the topologically-stabilized CG by the self-avoiding fBm
with properly adjusted fractal dimension, Df , we tremendously simplify the problem of generating
the CG-like conformations since we wash out the topological constraints from the consideration.
To check whether a replacement of CG by self-avoiding fBm is plausible, we complute numerically,
using the Alexander polynomials, the distribution of the knot complexity, P (χ), of self-avoiding fBm
for Df = 2.0, 2.08, 2.38 in the 3D space. We show that with increasing Df , typical fBm polymer
conformations become less and less knotted. The combination of Flory arguments with the scaling
analysis of self-avoiding fBm permits us to conjecture the dependence of the knot complexity, χ, on
the effective Flory critical exponent, νe. The found relation χ(νe) is supported by the Monte-Carlo
simulations adjusted for generating the self-avoiding collapsed fBm trajectories.
I. INTRODUCTION
A. From topology to hierarchy: Reminder of a crumpled globule concept
The crumpled (fractal) globular state of a macromolecule resembling the statistical Peano or the Hilbert curves
[1] with the fractal dimension Df = 3 in three-dimensional space, was proposed in [2] as an equilibrium structure of
the unknotted polymer ring in a poor solvent. Since 1988 many attempts have been undertaken to find evidences of
crumpled structure formation in real and computer experiments, however almost all of them were not too successful
and till 2009 the crumpled globule (CG) existed mostly as a mathematical challenge. The interest of biologists in the
crumpled structure of polymer chains was heated by the work [3] in which the authors conjectured that the DNA in
chromosome may be folded as a CG. It has been guessed in [3] that the inactive chromatin may consist of hierarchical
set of crumples such that parts of a DNA are weakly entangled in a broad scale range. The hypothesis of hierarchical
packing has provided an answer to one of the principal issues of cell biology: how could long polymer chain (DNA)
reversibly collapse and decollapse in a very small volume (cell nucleus) ensuring fast copying of information in the
transcription process.
The attitude towards the CG hypothesis has been changed substantially after the publication of the breakthrough
work [4], in which the average probability for contacts between distant (along the chain) fragments of DNA has been
experimentally evaluated in the genome-wide chromosome conformation capture method (so-called ”Hi-C” method)
[5] on the basis of the analysis of the population contact maps of human chromatin. It has been shown in [4] that
the contact probability P (s) decays approximately as P (s) ∼ s−1, where s is the genomic distance (i.e., the distance
along a chain) between the groups of nucleotides, at scales 700 Kb . s . 7 Mb. In the three-dimensional space for
chain conformations with the fractal dimension Df , the dependence P (s) can be estimated as P (s) ∼ s−3/Df (see [9]
for details). Thus, the statistical analysis of the Hi-C maps has allowed to approve that chromosomes at intermediate
scales are spatially packed as a crumpled globule with the fractal dimension Df = 3.
Basic ideas behind the CG formation of an unknotted ring macromolecule in a confined volume or in a poor solvent
are as follows. Consider a closed unknotted non-self-intersecting long polymer chain. In a poor solvent (below the
θ-point), there exists a certain critical chain length, g∗ depending on the temperature and the energy of volume
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2interactions, such that chains with lengths above g∗, collapse. As was shown in [2], for sufficiently long chain, units
of length ∼ g∗ may be regarded as new ”block monomers” (crumples of the minimal scale). Consider now a part of
a chain containing several block monomers. Such new part of the chain should again collapse ”in itself” – that is, it
should form a crumple of the next scale if other parts of the chain do not belong to a given part. A chain of new
sub-blocks (crumples of the new scale) collapses again and again ”in itself” until the chain as a whole forms a crumple
of the largest scale containing all initial monomers. The line representing the chain trajectory is a three-dimensional
statistical analog of the well-known self-similar hierarchical Peano curve.
Hierarchically arranged crumples are formed in a collapsed unknotted polymer ring just due to the presence of
nonlocal long-ranged topological interactions between chain fragments and for very long ring chains CG is a thermo-
dynamically equilibrium structure, which relaxes to the ordinary globule if a ring gets ruptured. To the contrary,
highly knotted polymer rings do not form CG at all.
Spatial fluctuations destroy a scale-invariant structure. However, as was shown in [2], if the number of units in
the crumple exceeds Ne (where Ne is the phenomenological parameter having sense of the average number of units
between consecutive ”entanglements” along the chain), then crumples do not mix, remaining segregated in the space.
For various models and systems, the typical values ofNe lie in the range 30-300. Since in real and computer experiments
parameter Ne typically is large, the reliable visualization of the hierarchical crumpled structure at different scales
requires polymers of a considerable length, with the number of units N ≈ 104 − 105 and the dimensionless density
≈ 0.5. Typically, the Monte Carlo study of rings and open-ended chains of intermediate lengths does not demonstrate
the true hierarchical crumpled structure. This is largely due to the fact that the clusters (crumples) formed on a
chain aggregate and mix; as a result, the hierarchical crumpled structure is not preserved and the collapse of polymer
chains resembles the gradual growth and coalescence of droplets in the ”bead-on-the-spring” model of the polymer.
The growth lasts until all beads coalesce into a single large droplet-crumple. The collapse of a sufficiently long chain
was studied in detail in computer simulations, for example in [9], where under sharp worsening of solvent quality,
the conventional collapse of the polymer chain gives rise to the metastable state which lacks the crumpled spatial
structure but which is still practically unknotted. In [10], the stable CG state was obtained using a special potential of
volume interactions with the dependence of force acting between monomers on distance along the chain. Concluding
this short (and far from being complete) review of possible equilibrium and metastable states of linear and ring
polymers obtained during the collapse process, let us note two important points: (i) Only very long unknotted rings
(N ≥ 300Ne) form the thermodynamically reliable structures; (ii) Both the linear chains and unknotted rings of
the intermediate length (N . 10Ne) during the collapse form droplets sequentially coalescing with time which are
ordinary globules without the hierarchical structure.
Nowadays CG concept does not explain all the details of chromatin folding. Theoretical models of chromatin
packing in a nucleus providing an explanation of observed behavior of Hi-C intrachromosomal contact maps, could
be tentatively divided into two groups. In the first group [11–17] the authors rely on specific interactions within the
chromatin, such as formation of loops or bridges, and do not appeal to the CG concept at all. Another group of
researchers tends to explain the structure of chromatin in terms of large-scale topological interactions [3, 8, 18–23]
within the framework of the CG approach. In order to demonstrate that hierarchical folding of CG is consistent
with the fine structure of experimentally observed Hi-C maps, one can combine the general mechanism of hierarchical
polymer folding with the assumption that chromatin is a heteropolymer with a frozen primary sequence [24].
To summarize, the CG concept has underwent significant changes from the abstract description of topological
interactions in globular polymers to the study of specific features of chromatin folding. Along that way, it has been
understood how the compact self-similar structure of an unknotted crumpled ring emerges. Speaking figuratively, we
understand how the trivial topology of collapsed rings leads to folding with the fractal dimension Df = 3 in a three-
dimensional space. However the reverse question: ”Whether globular polymers with Df > 2 in the three-dimensional
space are less knotted than the equilibrium globules?” – is still open. Why it is important and which consequences
may follow from the cross-fertilization of topology and fractal paths folding is elucidated in next Section.
B. From fractional Brownian motion to topology
It has been mentioned already that interactions in topologically stabilized globular polymers such as collapsed rings,
are substantially non-local. The very fact that topology cannot be screened drastically complicates the construction
of the explicit microscopic Hamiltonian for non-phantom rings and to-day the development of analytic theory of
topologically interacting polymers from the first principles remains a challenging fundamental problem. Yet we know
that the presence of a trivial (or almost trivial) topology ensures a globular polymer to be hierarchically crumpled
3with Df = 3. The main question addressed in the present paper is as follows: are globular polymers with the fractal
dimension 2 < Df ≤ 3 less knotted than globular polymers with the fractal dimension Df = 2 or not?
One of the possible ways to account for topological interactions in the globular phase, is to link the chain topology
to the fractal dimension. Namely, the absence of knots in a crumpled globule can be considered as a ”sufficient
condition” to have Df = 3 in the three-dimensional space. However, we might think of the ”necessary condition”,
considering formation of knots of closed dense curves with Df = 3. If the loops with Df = 3 are statistically less
knotted than the ones with Df < 3, it would be possible to describe the trivial (or almost trivial) knot topology of
globular polymers by fixing the fractal dimension, Df , and leaving behind the microscopic description of topological
interactions. Such a tremendous simplification would allow one to describe, for example, the coil–crumpled globule
phase transition and might be useful in many problems where topological interactions play a crucial role, however an
exact account for them is a very complex technical problem.
In [26] it has been suggested to describe polymer chains with arbitrary fractal dimension 2 ≤ Df ≤ 3 by the
Hamiltonian with pairwise quadratic interactions V (rk, rm) acting between monomers k and m of the chain,
V (rk, rm) = akm (rk − rm)2 (1)
The large-scale statistics of chain conformations in the collective potential V =
∑
k,m V (rk, rm) is identical to the
statistics of the fractional Brownian motion (fBm) [28]. In particular, the potential V at equilibrium produces fBm-like
distribution of the monomer-to-monomer distance
P (rk, rm) =
(
3
2pia2|k −m|2/Df
)3/2
exp
(
− 3(rk − rm)
2
2a2|k −m|2/Df
)
(2)
with the mean-square distance 〈
(rk − rm)2
〉 ∼ a2|k −m|2/Df ≡ a2s2/Df (3)
where s = |m− k| is the chemical distance between monomers, and Df is the fractal dimension lying in the interval
2 ≤ Df ≤ 3. To reproduce the behavior (3), the coupling constants akm(s) must decay asymptotically at s 1 as
as = c s
−γ ; γ ≥ 2 (4)
with c > 0. The resulting large-scale fractal dimension of conformational statistics is related to the exponent γ by
Df =

2
γ − 2 , 2 < γ ≤ 3
2, γ > 3
(5)
The potential V (rk, rm) can be interpreted as the harmonic pairwise interaction with the spring rigidity akm. Note
that if the rigidities decay faster than |m− k|−3, despite the non-local interactions are present in the chain, its large-
scale statistics remains ideal, which is equivocal to the central limit theorem in the Gnedenko-Kolmogorov formulation.
Such a quadratic Hamiltonian produces Gaussian phantom conformations with arbitrary fractal dimension Df and
the scale-free memory. The Gaussian property allows for the rigorous analytical investigation of the chain dynamics
in various complex media [35], as well as the statistics of pairwise and many-body interactions [36].
II. MODEL AND SIMULATION
Studying topological properties of fractional Brownian motion has same ambiguities as of ordinary random walk:
the phantomness of trajectories does not allow to define the topological state of a particular realizations of generated
paths. If one would try to perform simulation of a system described by the potential (1), the snapshots of a particular
chain conformation would be nonphysical. The standard method which permits to resolve the problem consists in
introducing volume interactions which prevent of chain self-intersections. Thus, in addition to the potential (1) with
the scale-free decay of coefficients (4), we add repulsive volume interactions, V (rk, rm). We chose a quadratic repulsive
potential similar to one used in a dissipative particle dynamics [37]
V (rk, rm) =
0 for |rk − rm| > Rcutcint (Rcut − |rk − rm|)2 for |rk − rm| < Rcut (6)
4The choice (6) for a potential describing volume interactions has two reasons: (i) the ”soft cutoff”
cint (Rcut − |rk − rm|)2 in (6) has the same generic form as the fBm potential in (1), and (ii) the potential (6)
allows for chain self-crossings which speeds-up the chain equilibration. Following (4), we set fBm spring coefficients
as akm = cspr|rk − rm|−γ , where cspr, along with cint, is a model parameter. Obviously, if cint  1 and cspr  1,
the system in simulations will tend to freeze. To the contrary, if cint → 0 and cspr → 0, the system will behave like a
disconnected set of beads. For the sake of simplicity and because of similarity between fBm and volume interaction
potentials, we set c = cint = cspr in all of our simulations. Change in c can be interpreted as an effective temperature
adjustment.
One may wonder how a model system with permitted self-crossings can be used to analyze topology. Considering
γ (see (4)) as an adjustable parameter, we can select any requested fractal dimension, D˜f , of the system and then,
given D˜f , we equilibrate chain conformations much faster (due to presence of self-crossings). In [9] similar approach
has been used to equilibrate conformations of long chains in globular state. When the equilibration is completed, we
can obtain an ensemble of conformations with different topological states by taking snapshots over time of simulation
trajectory.
To have a benchmark for our further studies, we should analyze the dependence D˜f (γ) in presence of volume
interactions. For our purposes it is sufficient to characterize chain conformations by the critical exponent ν, in scaling
law Rg(s) ∼ sν , where Rg(s) is the gyration radius of the subchain of length s.
Computational complexity of a single simulation step for typical N -bead system with long-range interactions (4)
grows as N2 for particle-based simulation techniques such as molecular and Brownian dynamics and Monte-Carlo
method. Specifically, in simulations we use a slightly modified version of a traditional Metropolis Monte-Carlo
(MMC) algorithm [38] using only local steps assigned for small beads displacements in random directions. Such a
version of MMC was originally developed for studies of systems with long-range interactions like electrolytes optimized
for graphics processing units (GPU) computations. Its main distinction from traditional MMC used in polymer
simulations, consists in choosing beads displacement attempts (from 1 to N at each step) sequentially, which permits
better parallelization on GPU hardware.
Using GPU-optimized algorithm we have been able to reach timescales ∼ 106 − 107 MCS (Monte Carlo steps, i.e.
number of elementary local steps divided by N) for chain lengths of ∼ 104 beads. Initial states for MC simulations were
prepared as 3D Gaussian random walks without excluded volume. Temperature for MC step acceptance probability,
Pacc = min
(
1, exp(−∆E/(kBT )
)
, was set kBT = 1. Volume interactions cutoff radius was Rcut = 1 in all simulations.
We have considered two simulation setups: (i) open linear chains in a free volume (without any boundary conditions),
and (ii) rings confined in a box with periodic boundary conditions (PBC). Since knots are well-defined on closed
chains only, rings are better suited for topological analysis. To estimate knot complexity of open chain, some extra
manipulation is needed. For example, one can consider a topological state of an open chain as a topological state of
a chain itself combined with a straight segment connecting the ends. For ring chains a box with PBC, the long-range
harmonic coupling (1) is defined in an unwrapped open space without PBC, while the volume interactions (6) are
computed from nearest image distances with PBC.
The topology of fBm rings was analyzed using Alexander polynomials, A(t), following the line of reasoning of
works [8, 40, 41]. To characterize and to compare knotted polymer conformations quantitatively, the so-called ”knot
complexity”, χ, defined as the logarithm of the Alexander polynomial, ln A(t = −1.1), has been used.
III. RESULTS
A. FBm with volume interactions in free volume
The interplay between the phantom fBm (1), and the one with excluded volume interactions (6), can be understood
using the standard Flory arguments generalized to fBm. In order to find the optimal end-to-end distance R(N), we
balance the elastic energy of the chain, parameterized by the seed fractal dimension Df , and the volume interactions.
Introducing the swelling parameter, α2 = R
2
a2N2/Df
, the elastic energy of the fBm chain in the D-dimensional space
dimension can be written as
Fel =
D
2
α2 − D
2
lnα (7)
5The first term in (7) is a direct generalization of the entropy of the ideal chain, provided that the end-to-end distance
distribution is Gaussian, which is actually the case of fBm-like chains – see (2). The contribution to the free energy
from the repulsive pairwise volume interactions in D dimensions is
Fint ∼ BN2R−D ∼ zα−D (8)
where z is a parameter controlling the strength of volume interactions for the N -step fBm
z ∼ Ba−DN 4−Θ2 (9)
and Θ = 2DDf is the generalized dimension of the Df -fBm chain in the D-dimensional space. Balancing (7) and (8),
one immediately recovers the critical generalized dimension Θcr = 4, for which volume interactions become negligible
and the optimal conformation of the chain stays non-perturbed, i.e. α = O(1). For Df = 2 the condition
2Dcr
Df
= 4
provides the critical dimension Dcr = 4 of selfavoiding chains. For the fBm with Df = 3, the critical space dimension
is DCGcr = 6. In the subcritical regime, i.e. for Θ < 4, the volume interactions get coupled with the memory imposed
by the fBm Hamiltonian, and for the seed critical exponent ν in the relation R ∼ Nν we obtain the expression
ν =
2 (Df + 1)
Df (D + 2)
,
D
Df
≤ 2 (10)
which recovers the critical exponent of phantom fBm, ν → 2Df as Df → D2 . In the three-dimensional space from (10)
we get
νD=3 (Df ) =
2
5
(
1 +
1
Df
)
(11)
Equation (11) yields known limiting cases: a phantom randomly branching polymer with Df = 4 regains the ideal
statistics when the volume interactions are switched on, ν(D = 3, Df = 4) =
1
2 , while for the ordinary Brownian
motion with Df = 2 we recover the Flory critical exponent ν =
3
5 . Relating the seed fractal dimension, Df , to γ via
(5), we obtain the expression for the seed Flory critical exponent, ν, of the fractal chain with parameter γ, perturbed
by volume interactions
νD=3 (γ) =

γ
5
2 < γ ≤ 3
3
5
γ > 3
(12)
(Recall that γ enters in the dependence a(s) ∼ s−γ – see (4)).
Having the generalized Flory estimate as a benchmark, we carried out simulations for γ ∈ [2, 5] and chains of
N = 16384 monomers. Analyzing testing runs, we see that values c ≤ 2 in (4), for γ > 3 lead to abnormally strong
bond elongation accompanied with the connectivity loss of the chain, therefore, to prevent the chain rupture, we
selected the spring stiffness parameter at c = 5. Typical plots of R2g(s) and ν(γ) and are shown respectively in Fig.1a
and Fig.1b. Inspecting 1a, we see that R2g(s) for various γ demonstrate the stable fractal behavior, R
2
g ∼ sν , within at
least six orders of magnitude. Such a stability is important for all forthcoming conclusions in which we characterize
the fBm ensembles by ν.
The plot shown in Fig.1b permits us to calibrate and validate the model. At γ > 4, the fBm converges to the
standard swollen random walk with ν = 35 and in our numerical simulations with large γ we do observe swollen coil
conformations. Thus, we conclude that preselected parameters Rcut = 1 and c = 5 permit us to describe fBm in a
good solvent correctly.
The curve νe(γ) obtained in numeric simulations shown in Fig.1b lies beneath the theoretical (seed) prediction
ν = γ5 from the Flory theory [39]. However, in the interval 2.5 < γ < 3.3, the function νe(γ) is linear and can be
approximated by the dependence
νline = k1γ + k2; k1 = 0.185± 0.005, k2 = −0.075± 0.005 (13)
The slope k ≈ 0.19 in (13) is in good agreement with the Flory prediction (12). In the interval 2 < γ < 2.5 we observe
a non-linear regime, which is beyond the Flory theory. Indeed, in the vicinity of γ = 2, the fractal dimension, Df , of
the fBm chain diverges, as it follows from (5), and the chain without excluded volume would shrink to the point. It
is noteworthy that the Flory method provides only the upper bound for the critical exponent νe.
6Figure 1: Statistics of fBm chains with excluded volume: a) plots Rg
2(s) for some γ; b) plot ν(γ) form numeric simulations
(points) and Flory estimate ν = γ/5 (dashed line); νline = k1γ + k2, k1 = 0.185± 0.005, k2 = −0.075± 0.005.
B. Knotting of fBm rings in confined volume
The long-ranged monomer-monomer interactions (4) with a scale-free decay of spring constants (5), combined with
the volume interactions (6), produce fBm conformations with various fractal dimensions, D˜f (γ). The ”soft” nature
of volume interactions permits essentially shorten the equilibration time of Monte-Carlo simulations.
Now we turn to ring chains and consider an ensemble of N = 16384-bead polymer loops with the stiffness parameter
c = 3. Each loop is confined in a 3D bounding box (simulation cell) of size 25.2× 25.2× 25.2 with periodic boundary
conditions, resulting in the density of order of 1 bead per elementary 1 × 1 × 1 cube. In Fig.2a,b we have plotted
R2g(s) and νring(γ) for rings in a bounding box (compare to Fig.1a,b for open chains in a free space).
Figure 2: Statistical properties of fBm chains with excluded volume in PBC confinement: (a) plots Rg
2(s) for some values of
γ; (b) calibration curve νe(γ) for fBm rings in PBC; ν
ring
e (γ) = k
′
1γ + k
′
2, k
′ = 0.10± 0.01, k′2 = 0.14± 0.01.
The calibration curve in Fig.2b differs from the one shown in Fig.1b for linear chains in a free space, however it is
also linear and is well fitted by the linear dependence
νringe (γ) = k
′
1γ + k
′
2; k
′ = 0.10± 0.01, k′2 = 0.14± 0.01 (14)
Changing γ, we get various scaling exponents νe, within the range 0.35 . νe . 0.5, with the convergence to the
equilibrium globule regime (ν = 0.5) at γ > 3.5.
The snapshot of a particular realization of the open fBm conformation with volume interactions and with γ = 2.01
is shown in Fig.3a, where the spatial territorial organization of the chain is highlighted by painting the chain in
continuously changing RGB colors between the chain’s extremities. From the calibration curve shown by dots in
7Fig.1b we see that the value γ = 2.01 corresponds to the scaling exponent νe ≈ 0.72 = 0.35 and the corresponding
effective fractal dimension is D˜f =
1
νe
≈ 2.86. Let us note the strong chain ”compartmentalization” seen in Fig.3a,
which is typical for the crumpled globule: nearest neighboring (along the chain) monomers try to be also nearest
neighbors in a 3D space. The snapshots of ring chains in the PBC Fig.3b indicate the tendency to have more
uniform spatial distribution of beads in the bounding box and decay of territorial organization with increasing γ. The
corresponding fractal dimensions are obtained from the calibration curve in Fig.2b.
Figure 3: Snapshots of fBm globule with: (a) open linear chain with γ = 2.01 in the open space, (b) γ = 2.33, 2.66, 4.5 in the
periodic boundary box. Painting chain between extremities in continuously changing RGB colors, we highlight the territorial
organization of the path typical for crumpled globule.
It should be pointed out that the crumpled globule is a highly nonlocal topological object, while the subdiffusive
fBm, considered here, allows to mimic a similar ”territorial” organization without any topological constraints. Thus,
we have demonstrated that our fBm model permits to get, by changing γ, the variety of fractal conformations with
arbitrary ν in the range 0.35 < νe < 0.6. The obtained fBm ensembles include the important borderline cases – the
crumpled globule and the swollen coil.
We anticipate the forthcoming knot complexity analysis by the discussion of the impact of γ on the local system
density. We have collected in Fig.4 distributions of local density (measured in beads per elementary volume) in chunks
of size `x = `y = `z =
`box
10 with different values of γ. From these distributions one sees that at γ = 2.33 there is a
significant amount of empty chunks (where local density is zero), which means that the typical ring size is essentially
smaller than the size of the PBC box. However, for γ ≥ 2.67 the density of empty chucks tends to 0 meaning that
the PBC box is completely filled by chain monomers. As more peaked the distribution in Fig.4 away of zero density,
as more uniform is the density of polymer ring in the PBC box.
Now we can proceed with the topological analysis of fBm loops. As it has been mentioned above, the topological state
of a loop is characterized by a widely used ”knot complexity” χ = ln A(t), defined as the logarithm of the Alexander
polynomial, A(t), evaluated at t = −1.1 (see, for example, [40, 41]). Sample distributions of knot complexities of
loops collected over single trajectories generated with three different values γ = {2.67, 3.4, 4.0}, are shown in Fig.5.
According to the calibration curve in Fig.2, γ = 2.67 gives νe ≈ 0.41, which is not far away from the critical exponent
of the crumpled globule, νe = 0.33, while γ = 4 produces equilibrium globule with ν ≈ 0.5. Distributions in Fig.5
clearly demonstrate that the knot complexity fluctuates due to the chain self-crossings, however the difference between
the distributions for almost crumpled (peaked, blue) and Gaussian (wide, black) globules is notable. As discussed in
the previous paragraph, for values γ < 2.66, chains do not occupy fully the volume of the bounding box. To exclude
the (possible) nonphysical impact of the occupied volume on the chain self-knotting, we exclude values γ < 2.66 from
our knotting analysis.
This striking difference in the topological states of globally knotted and unknotted chains is widely known and can
be derived from the general statistical behavior of so-called matrixvalued Brownian Bridges (BB) – see [8]. The knot
8Figure 4: Local density distributions for different γ (in beads per 1× 1× 1 elementary volume) averaged over `box× `box× `box
chunks.
complexity χ of loops in the topologically unconstrained globule is expected to grow as χ(N) ∼ N2. Contrarily, due to
the global topological constraint imposed in the unknotted globule, its knot complexity grows slower, χ(N) ∼ N , which
follows from the statistical behavior of BB in spaces of constant negative curvature. To get an estimate χ(νe) with
arbitrary critical exponent 1/3 < νe < 1/2, we assume that the complexity χ has a scaling behavior χ(νe) ∼ Nf(νe)
and the simplest form of the function f(νe) in the range of interest is linear. Thus, known values of f at two limiting
points ν = 1/2 and ν = 1/3 allows one to write down the following scaling prediction for the knot complexity
χ ∝ exp(u νe), u = 6 logN ≈ 58 (15)
To analyze the dependence χ(νe) in simulations, we collected conformation snapshots from a number of independent
runs. Resulting values of χ, computed for collected set of conformations, have been averaged for each value of γ (i.e.
of νe). The resulting plot, χ(νe), is shown in Fig.6a. Note that at νe < 0.45 the knot complexity χ vanishes, which
indicates that the chain conformations weakly knotted. At νe > 0.45 we observe a rapid exponential growth of χ.
The exponential fitting of χ(νe) obtained from our simulations gives:
χ = χ0 +A exp(u νe), A = (1.5± 0.2)× 10−11, χ0 = 0.9± 0.2, u = 56± 3 (16)
The value of u is in excellent agreement with the scaling estimates (15).
Some other factors apart from νe, like for instance, the change of the average bond length, may influence knot
complexity in our model. From [8] we know that in the equilibrium globule χ ∼ L2, while in the crumpled one χ ∼ L,
where L = Nlbond is the chain length, N is the number of bonds and lbond is the average bond length. In the fBm
model, due to the collective effects of interactions, the parameter lbond can be γ-dependent. To exclude the effect of
the influence of lbond(γ)-dependence on χ, we have numerically checked that lbond(γ) grows sublinearly – see Fig.6b.
Such a behavior means that bond stretching has a negligible effect on chain selfknotting.
IV. DISCUSSION
In our work we have developed a machinery permitting to operate with self-avoiding subdiffusive fractional Brownian
trajectories producing compact spacial chain conformations with the fractal dimensionDf ≥ 2 in the three-dimensional
space. Our study is motivated by an attempt to mimic the conformational statistics of collapsed nonconcatenated
polymer loops which are known to form on large scales the compact hierarchical crumpled globules (CG) with the
fractal dimension Df = 3. The CG structure manifests itself in many applications, including the ”territorial orga-
nization” of human chromatin in the cell nucleus, however due to the nonlocal topological interactions, the analytic
9Figure 5: Distribution of knot complexity χ for fBm rings of N=16384 monomers in PBC confinement with γ = 2.67 (blue),
γ = 3.4 (pink) and γ = 4 (black).
Figure 6: (a) Plot χ(νe) with the an estimate for fBm rings in simulation cell with periodic boundary conditions with exponential
fit (red line); (b) plot of the average bond length lbond on γ.
and numeric treatment of CG is an extremely difficult problem. In the paper we try to answer the following ques-
tion: ”Is possible to mimic the topologically-stabilized CG by the self-avoiding fBm with properly adjusted fractal
dimension?” If the self-avoiding fBm would be able to reproduce the basic features of collapsed unknotted polymer
rings, we would tremendously simplify the generation of CG-like conformations since the topological constraints are
completely washed out from the statistical analysis.
The special attention we pay to the correct account of volume interactions added on top of fBm for both open
chains in a free space, and ring polymers confined in the box with the periodic boundary conditions. Our study
largely stems from the work [26] in which the subdiffusive fBm was obtained using the hierarchical pairwise quadratic
potential 1 with the spring constants ckm ∼ |k−m|−γ . In the current work we show in simulations that in presence of
10
soft volume interactions, we continue observing fractal (self-similar) conformations, and by varying γ, we can obtain
conformations with different fractal dimension, Df , ranging from crumpled globules (Df ≈ 3) to either swollen coils
(open chains in the free volume) or equilibrium globules (ring chains confined in the PBC). We have calibrated the
model and found that both cases, linear chains in the free volume, and ring chains in the PBC possess the linear
relationship between γ and the observed critical exponent νe. We provide the Flory-type arguments for generalized
scaling analysis of self-avoiding fBm which are consistent with the Monte-Carlo simulations.
Using the developed technique we have analyzed the relation between the fractal dimension, Df , of self-avoiding
subdiffusive fBm paths and their knot complexity χ. We have shown that with increasing Df , the typical fBm
conformations become less and less knotted. Besides, we found how χ depends on the Flory fractal dimension, ν. The
results of numeric simulations are in a very good agreement with theoretic estimates based on the generalised Flory
theory.
One of the disadvantages of our model is that, from the computational standpoint, we deal with an N -body problem
with long-range interactions, hence the size of systems is fairly limited. However, it might be beneficial to explore
different simulation techniques, such as molecular dynamics, which is inherently better suited for parallelization of
computations.
Overall, we have shown that using selfavoiding fBm model without any direct account of topological interactions,
still we can generate and study weakly knotted compact conformations with 2 < Df < 3, As it is known from
the experimental works (see, for example [42]), the observed fractal dimension Df of a chromatin lies in the region
2 < Df < 3. So, one can try to mimic the chromatin configuration by the selfavoiding fBm witht the properly adjusted
fractal dimension, and without any topological constraints.
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